We present a new approach to the issues of spacetime singularities and cosmic censorship in general relativity. This is based on asymptotically splitting 5-dimensional bulk space that has standard 4-dimensional spacetime as its boundary geometry, and constructing a unique, complete, smooth 'ambient' metric which has the latter as its conformal infinity. We then find that the existence of spacetime singularities is intimately linked to breaking the boundary conformal structure, while the 5-dimensional metric is only sensitive to conformal infinity without singular points.
Introduction
The geometry and physics of braneworlds [1, 2, 3, 4] and holographic ideas [5] such as the AdS/CFT correspondence [6, 7] have provided conclusive evidence that new structures may exist in higher dimensions described by some metric g 5 , with the four-dimensional, general relativistic world confined in a suitable subspace g 4 . The precise nature of the theory describing our universe that forms the basis of this is likely a version of string theory whose realization is presently unknown, and the same is true in such frameworks of the possible resolution of the well-known issues of Einstein's theory, such as the existence and nature of spacetime singularities and the justification of cosmic censorship.
Concerning the problem of singularities [8, 9] and its possible resolution in higher dimensions, we note that the issue is further complicated by the appearance of new singularities in the geometry of the extra dimensions and the associated problems that this brings about, cf. [10] - [16] (and Refs. therein). Also, cosmic censorship [17] seems to emerge as an inherent property of four-dimensional general relativistic metrics g 4 , unconnected to the higher-dimensional structures presumably responsible to the relativistic singularity resolution.
In this work, we view the four-dimensional relativistic world as a suitable asymptotic and holographic limit of structures that may exist only in higher dimensions. We know [18] how to asymptotically split a five-dimenisonal space g 5 containing a braneworld [19, 20, 21, 22 ] g 4 , and starting with our asymptotic splitting solutions in the form (M × R, g 5 = a 2 (y)g 4 + dy 2 ), in the first part of this paper we introduce a new way to connect four-dimensional general relativity to a possible higher-dimensional theory. This relies on both asymptotic and holographic properties of the higher-dimensional space, and in particular, the need to end up with a unique construction possessing various important properties.
In the next section we motivate the introduction of this new approach and deal with the construction of a unique 'ambient', bulk geometry (V = M × R,g) valid locally in an open neighborhood of the (M × {0}, g 4 ) brane geometry and having the conformal structure (M, [g 4 ]) as its conformal infinity. There are several distinct steps involved in this construction. In Section 3, we show how our asymptotic solutions built using the method of asymptotic splittings (that is based on Puiseux series) can all be transformed into formal power series which converge, or are asymptotic, to unique, well-defined functions, valid locally around the conformal boundary. In Section 4, we find the normal form of these solutions, a bulk metric g + given by a suitable asymptotic series having the brane as its conformal infinity, and satisfying the 5D Einstein equations with fluid matter.
A main feature of the g + geometry is that it blows up at the boundary (much like
, and so it extends to a unique, complete bulk metricg asymptotic to the g + geometry valid in an open neighborhood of the brane. In Section 5, we further discuss the structure of infinity and the existence of spacetime singularities in the proposed model, and in Section 6 we connect the required non-degeneracy of the ambient construction to the validity of the cosmic censorship holding for the boundary spacetimes. We discuss our results in the last Section of this paper.
The ambient cosmology
In previous works [19, 20, 21, 22] , we studied the asymptotic properties of bulk 5-geometries (V, g 5 ) containing an embedded 4-dimensional braneworld (M, g 4 ) and showed that, in general, asymptotic solutions have a form dictated by the method of asymptotic splittings [18] , namely,
Here, y denotes the coordinate of the extra dimension in the 5-dimensional geometry g 5 , where
2) g 4 being a 4-dimensional braneworld metric with signature (− + ++), and a(y) is a warp factor in the g 5 geometry. The metric g 5 is taken to satisfy the 5-dimensional Einstein
where A, B = 1, 2, 3, 4, 5, and T AB is the stress tensor of an analog of a perfect fluid with equation of state p = γρ, where the 'pressure' p and the 'energy density' ρ depend only on y, 1 filling the 5-dimensional geometry (other cases like a bulk scalar field or a mixture of bulk fluids considered in Refs. [19, 20, 21, 22 ] also lead to the general form (2.1) for the warp factor of the 5-dimensional geometry (2.2)). These equations become, for the metric (2.2), a dynamical system of the formẋ = f (x), with the solution vector having the form x = (a,ȧ, ρ), and f being a suitable, smooth field (cf. the references mentioned above). The asymptotic solutions for the energy density ρ also have a form similar to (2.1).
Further, the constants c i , i = 0, 1, 2, . . . in (2.1) are determined recursively by the method of asymptotic splittings starting at 0-th order with the dominant balance form c 0 y p , p ∈ Q, and proceeding in a term-by-term fashion, while s is defined to be any common multiple of the denominators of the positive eigenvalues of the Kovalevskaya matrix (cf. [18] ).
This procedure leads to asymptotic solutions given generically by (2.1) (and similarly for the other unknowns), that is Puiseux or Fuchsian series (meaning series with fractional exponents, and with or without a constant first term respectively) describing the geometry locally in a small neighborhood around the location of the brane at y = 0, or at infinity.
The braneworld setup described above has the following important properties: In the presence of a non-trivial fluid
• all solutions are singular at a finite, arbitrary distance from the position of the brane (denoted by Y s in Refs. [19, 20, 21, 22] ), and may be taken without loss of generality to coincide with the position of the brane itself (located at Y = 0);
• the metric g 5 cannot be continued to arbitrary values in the y-dimension;
• there is no conformal infinity for the 5-dimensional geometry.
A consequence of the last point is that there is no possibility of a holographic interpretation and no way to realize a boundary CFT.
In this paper, we present a construction in which the unwanted issues discussed above are all absent. In particular, we show how to extend the metric (2.2) to an essentially unique (up to isometries) 5-metric g + on the bulk manifold V , such that
is the conformal infinity of (V, g + ).
2. The metric g + is conformal to a metricg = y −δ g + , δ < 0 that is complete and extends smoothly on V .
3. The metricg solves the Einstein equations with a suitable fluid (see below), being a product metric on M ×R of the formg 4 +dy 2 = σ 2 g 4 +dy 2 , with σ a smooth function of y defined everywhere in a neighborhood of y = 0 (e.g., when the braneworld metric g 4 is a FRW metric, depending on the curvature k,g may be chosen to be the Minkowski, the de Sitter or the Anti-de Sitter metric, depending on the sign of k).
4. Wheng is restricted on M, it becomes a metric in the conformal class [g 4 ].
5. The Einstein equations (2.3) are valid everywhere on M to the required order.
For point 3 above, we note the following. The curvature tensors of the metricsg and g 4 are equal (in the three equations below we implicitly pull back to M × R the tensors
and so we find 2 ,
where g 4 g 4 is the curvature tensor of constant sectional curvature +1. So by contraction,
which are all easily follow from the given metric forms. We may view the second terms in the rhs of the above equations as the values of the curvature tensors had the metric g 4 been one of constant curvature.
We conclude from these equations that the metricg will be flat if g 4 is one of constant curvature −1 (since the Riemann tensor is related to the Kulgarni-Nomizu product by, Riem(g 4 ) = kg 4 g 4 , where k is the sectional curvature), it will satisfy the fivedimensional Einstein equations in vacuum if g 4 satisfies the Einstein equations with a negative cosmological constant (equal to −3), and it will have zero scalar curvature if the metric g 4 has scalar curvature −12. Therefore, postulating the five-dimensional Einstein equations with a perfect fluid source as we do, means thatg will satisfy these equations and we may view them as having a standard four-dimensional fluid with shifted ρ and p.
3
We thus end up with the following situation. There is a bulk manifold (V, g + ) on which we have the Einstein equations (2.3) valid, and which has a boundary where only a conformal structure, not a unique metric, is defined. Our construction is local in nature and provides the asymptotic structure of the bulk 5-dimensional geometry near its boundary (M, [g 4 ]) which becomes its conformal infinity,
Here g y is a 1-parameter (y) family of boundary metrics constructed recursively by the method of asymptotic splittings and asymptotic to a metric belonging in the conformal structure of the boundary [g 4 ]: 8) where the coefficient of g 4 is a formal power series of y. This construction as we shall
show is essentially unique and provides us with the required bulk geometry that is free from the problematic features pointed out above.
Formal power series
It is not immediately obvious that a general Fuchsian formal series leads to a well defined function; in fact such a series generally will not because it contains log terms, cf. [23] .
However, in this section we show that due to its special form, (2.1) always does and this will provide an important first step to the realization of our basic construction in the following sections.
To begin, we introduce the parameter
into (2.1) and notice that this is always well defined because s is a positive integer by definition. Then r → 0 when y → 0, and so the Puiseux series (2.1) is a formal power series in disguise,
Now according to a theorem of Borel (cf. Ref. [24] , p. 300), when the coefficients c i are real, the formal power series ∞ i=0 c i r i always converges to a smooth function σ : I = (−ǫ, ǫ) → R, for some ǫ > 0. A basic point in the proof of Borel's theorem is to use the mean value theorem of differential calculus and the constants c i to extend the derivative σ (n) as a continuous function everywhere in I by assigning it, at 0, the value σ (n) (0) = c n , n = 0, 1, 2, · · · The resulting function σ will also be real analytic in a small neighborhood around each nonzero point of the interval I.
Therefore the warp factor will assume the form 4 a(r) = r ps σ(r), as r → 0 (y → 0).
So a will always be the product of some smooth (in fact real analytic) function times the factor r ps . Denoting by f (0) the dominant part of the vector field, the eigenvalues of the Kowalevskaya matrix K = Df (0) (A) − diagP (where the dominant balance is At P ) are rational numbers, and s is defined to be the least common multiple of their denominators.
Under the assumption that the metric as well as the pressure and density of the fluid source are C 3 , the Kowalevskaya matrix will be a C 2 function and so Lipschitz, and therefore its norm |K| will not exceed some maximum value. Then its eigenvalues at any finite point cannot be arbitrarily large, and thus s must have a maximum and cannot itself be arbitrarily large. However, when s becomes unbounded (corresponding perhaps to some lowering of the differentiability of the unknowns somewhere on the manifold),
we may redefine the exponent in Eq. (3.3) so that it tends to infinity, and so it will follow from Eq. (4.3) of next Section that our metrics will tend to a very specific form, that of the general Fefferman-Graham metrics having δ = −2 (cf. Section 4). Thus, our metrics have this special limit as their characteristic property when the differentiability assumptions are altered.
Assuming that s is bounded, in the following the role of s will be just to reset the values of the dominant balance exponent p to be ±m, so that this factor equals y ±m with m a positive integer near y = 0. This follows because p = m/l with m, l ∈ Z, and so if it happens that from the asymptotic splittings procedure we find that l > s, then setting s ′ = l and using s ′ in the place of s, would just increase the number of 4 Actually, the theorem of Borel is a special case of Ritt's theorem about the convergence of formal power series with complex coefficients, cf [24] , p. 299. Such a power series will always be asymptotic to an analytic function σ on an angular-shaped sector S, that is we have
steps between any two consecutive orders in the original series representation containing fractional exponents, thus giving again a formal series with analogous properties.
Hence, it follows that we may basically rescale the value of s to s = 1, and take the form (3.3) to be 4) so that the asymptotic behaviour of the warp factor as y → 0 is basically controlled by the dominant balance exponent p, which without loss of generality we may assume it takes integer values.
The normal form of the bulk geometry
For the warp factor (3.4), the 5-dimensional geometry (2.2) becomes
and so setting dw = r −p dr, for p = 1, we find the result,
Here g + stands for g 5 (w) (possibly rescaled by a constant factor if necessary), and the exponent δ satisfies
3)
It follows that we always have
and of course δ = −2. We also note that for p = 1 there will be an exponential factor in front of the bracket instead of the power law in (4.2). We call Eq. (4.2) the normal form of the 5-dimensional metric (2.2).
In this form, the metric g + has several features we now discuss. When p < 1, the boundary is again at w → 0, whereas when p > 1 the boundary is located at infinity in the w representation. Since δ is always negative, it follows that our metric (4.2) bears a resemblance to the Fefferman-Graham ambient metric construction [25] . Their brilliant work provides an existence theorem for the ambient metric in the case of the Einstein equations with a cosmological constant, and they also show that the latter is essentially unique.
The same is true for the metric (4.2) for our case, Eq. (2.3). In fact, following our construction for the Einstein equations with a perfect fluid in five dimensions, we see that the metricg
is a complete metric, extending smoothly everywhere in the bulk, such that when re-
We also note that when r = 0,
we get a metric in the conformal class [g 4 ]. However, the Fefferman-Graham metric has δ = −2, and therefore it represents the p → ∞ limit of our construction (in particular, it corresponds to an unbounded s, as we already discussed in Section 3).
Conformal structure and singularities
We have started from a 4-dimensional metric g 4 which was either that of the Minkowski or the de Sitter, or the Anti-de Sitter spacetime and constructed a unique, smooth, complete, 5-dimensional metricg valid in a small neighborhood near the boundary located at y = 0 in the bulk space, and having a boundary with conformal structure [g 4 ]. So taking any metric that is conformally related to the metric g 4 (that is either to Minkowski or to de Sitter, or to Anti-de Sitter), our construction gives a unique, complete metricg which has g 4 as its conformal infinity.
Therefore suppose that we start with a FRW metric g 4,F RW , and look for solutions of the 5-dimensional Einstein equations, that is metrics of the form respectively, and therefore we will get for each family a unique, complete metric of the formg F RW having them as its conformal infinity (also conformal to the metric (4.2)).
Hence, we arrive at the following conclusion. to the same conformal structure will be isometric, their difference will be zero to infinite order on M. Furthermore, theg metric will be complete having the conformal structure as its conformal infinity. Therefore in a given conformal structure, being the conformal infinity of the ambient cosmology, a nonsingular metric (which always exists) will be the preferred one with respect to the corresponding ambient cosmological metric. In the same conformal structure there will possibly be conformally related metrics with singularities, which however, will only appear when we choose suitable conformal factors. In fact, in order to follow this procedure and produce singularity free ambient cosmologies (with preferred nonsingular brane metrics), even a test metric like (5.1) valid to infinite order on M will probably be adequate. Such a form for the ambient construction will always produce solutions of the type (2.1), and the rest of our construction will then follow.
6 Non-degeneracy and cosmic censorship In order to distinguish between (regular) points at infinity and singular points at infinity, that is between an ∞-TIP and a singular TIP (cf. ( [26] ) in two conformally related g 4 's, we propose that the choice of metric in the conformal class g 4 must be made such that it does not spoil the non-degeneracy of theg metric when restricted along the boundary M. The non-degeneracy of the five-dimensional metricsg or g + means that they do not become degenerate on any subspace of the bulk, especially, this must be so at y = 0, so that the 5D metrics restricted on the brane must not become degenerate. Since the signature of the five-dimensional metrics is (1, 3 + 1) (meaning one − and four +'s), nondegeneracy implies that on the brane the restriction of the metric g + must retain its signature (1, 4) . Since the braneworld signature is (1, 3) , we find that the 3-brane signature should not globally change from + + + to something else, that is to null − + +, or to timelike − − −, because such a change would make the five-dimensional metric degenerate (in the sense that a null surface could then form in the bulk).
On the other hand, a singular g 4 metric on the boundary spacetime does not necessarily make the five-dimensional metric degenerate, unless it becomes null or timelike somewhere. Therefore if a g 4 develops a singularity that is spacelike everywhere, then g (or g + ) will still be non-degenerate on the brane. (For example, such will be the case for the singular part of the horizon in non-static coordinates for the Schwarzschild black hole, while the null part is regular.)
Regarding timelike singularities as generically unstable objects [26] , the only way that the five-dimensional metric can loose its non-degeneracy is when a null hypersurface forms somewhere in g 4 during the evolution, that is when there are naked points at infinity on the brane. This then would make the metric g ∈ [g 4 ] we choose (that is the restriction ofg along the boundary) degenerate, and the g + metric non unique. Therefore it seems that a choice must be made of those metrics that respect cosmic censorship 5 .
Conversely, the absence of naked singularities that follows from the assumption of the uniqueness of the ambient cosmology has important implications. For example, it follows that a naked singularity may not be the end product of the process of Hawking evaporation of a black hole through thermal radiation. In this case, future null infinity 5 The only other possibility is that the non-degeneracy of the bulk metric is spoiled when spherical symmetry is violated, for example when a suitable observer who falls into a black hole in an exact Kerr metric with a < m, to him the singularity is actually naked. However, there are reasons to believe that such a situation inside the event horizon is actually unstable, cf. [26] , p.234, and generically perturbed Kerr solutions will always develop a spacelike singularity in the neighborhood of its Cauchy horizon. A spacelike character of cosmological singularities is also supported by the BKL studies, cf. [27] and refs.
therein.
will generically meet the vertical line coming out of the spacelike singularity of the black hole due to the evaporation (compare the Penrose diagrams in Figs. 3 and 5 of
Ref. [28] ), thus allowing material from inside the spacelike singularity to be seen by an observer sitting at infinity. This is sometimes interpreted, as is well-known, as a possible violation of cosmic censorship at the quantum level, a complete loss of predictability in a quantum treatment of black holes [29] , and is also intimately related to the possible loss of information connected with the inevitable increase of entropy during this process [30] .
Discussion
In this paper we have introduced an 'ambient' theory of gravity and discussed its important implications for cosmological singularities and cosmic censorship. This theory can be described as Einstein equations in five dimensions with fluid sources but its main characteristic is that all solutions are conformal to regular five-dimensional metrics, having a four-dimensional conformal structure as their boundary geometry which also represents their conformal infinity. Such 'ambient cosmologies' when restricted to brane geometries give four-dimensional metrics belonging to the conformal structure of the boundary.
They are constructed by asymptotically splitting the five-dimensional bulk solutions and have the Fefferman-Graham ambient spaces as their appropriate limits when various differentiability assumptions are lowered.
Our construction is asymptotic and holographic in nature and because of its conformal boundary at infinity, it has implications for the singularity structure of the fourdimensional world lying on its infinity. Since two conformally related boundary metrics have the same ambient five-dimensional space which is always regular and complete, it follows that its conformal infinity cannot contain any singularities. Hence, a spacetime with singularities from the ambient point of view may only appear because we chose a particular conformal factor, thus breaking boundary conformal invariance. Otherwise, ambient cosmologies must have always regular infinities, and we have provided simple examples with conformal structures of either Minkowski, or de Sitter, or Anti-de Sitter branes without singularities at infinity.
This conclusion raises another point: Since regular ambient cosmologies induce only a conformal boundary structure, not a well-defined boundary Riemannian metric, and two conformally related such metrics, one regular and another singular (for instance, a flat FRW metric and Minkowski), are not globally separated from the five-dimensional ambient world, what is the structure of their infinities? The only useful criterion is the non-degeneracy of their common ambient cosmology, that is the property that any brane singularities at infinity or singular horizons always stay non-null. As we have shown in this work, this requires cosmic censorship holding on the boundary conformal structure so that brane singularities are non-null, only then will the constructed ambient spacetime be unique. Turning this argument around, it provides a possible justification for the validity of cosmic censorship in four dimensions, unaffected also by Hawking evaporation.
